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We propose a new formulation to calculate the Cosmic Microwave Background (CMB) spectrum
in the Randall Sundrum two-branes model based on recent progresses in solving the bulk geometry
using a low energy approximation. The evolution of the anisotropic stress imprinted on the brane by
the 5D Weyl tensor is calculated. An impact of the dark radiation perturbation on CMB spectrum
is investigated in a simple model assuming an initially scale-invariant adiabatic perturbations. The
dark radiation perturbation induces isocurvature perturbations, but the resultant spectrum can be
quite different from the prediction of simple mixtures of adiabatic and isocurvature perturbations
due to Weyl anisotropic stress.
PACS numbers: 98.80.Cq, 11.25.Wx, 98.70.Vc
1.Introduction
By suggestions from string theory/M-theory, much at-
tention is paid to brane world ideas where we are liv-
ing on a 3-brane in higher-dimensional spacetime. In
these brane world models, only gravity propagates in
a higher-dimensional ”bulk” spacetime while standard
model fields are confined to the brane. The simplest re-
alization of this idea was given by Randall and Sundrum
[1]. The 5D bulk has a negative cosmological constant
Λ5 = −6/l
2 where l is the curvature radius in the bulk
and the brane has a tension λ = 6/κ25l where κ
2
5 = 8πG5
and G5 is the 5D Planck constant.
In this model, predictions of 4D general relativity are
modified due to the influence of the gravitational fields
in the bulk. These modifications need to be consis-
tent with cosmological observations. Among them, the
observations on Cosmic Microwave Background (CMB)
anisotropies are now dramatically improving. The
WMAP experiment has already provided precise mea-
surements of CMB anisotropies [2]. It is then necessary
to calculate the CMB spectrum in brane worlds in order
to check the consistency of the model.
These works were initiated soon after the paper of Ran-
dall Sundrum [3]. Although a large number of papers
have tried to give a prediction of CMB anisotropy, there
is still no quantitative estimation. This is due to the
difficulties in solving full 5D perturbations [4]. In view
of observational improvements, it is eagerly desired to
develop a formulation which enables us to provide quan-
titative predictions. In this Letter, we propose such a
formulation based on recent progresses in solving bulk
geometry using a low energy approximation [5, 6, 7, 8].
We consider a simple Randall-Sundrum type two-
branes model where a low energy approximation is ap-
plicable. The stabilization mechanism is not introduced
and the physical brane is assumed to be the positive ten-
sion brane. This simple setup enables us to understand
clearly how the bulk gravitational fields affect the evolu-
tion of perturbations on the brane.
2. View from the brane
The effective 4D Einstein equation on the brane is given
by[9]:
Gµν = κ
2
4Tµν + κ
2
5Πµν − Eµν , (1)
where κ24 = 8πG4 = κ
2
5/l and Πµν is the quadratic
function of the energy momentum tensor, which can
be neglected at low energies T µν /λ ≪ 1. The
energy-momentum tensor satisfies the conservation’s law
∇µTµν = 0 where ∇
µ is the covariant derivative on the
brane. Eµν is the electric part of the 5D Weyl tensor and
carries the information in the bulk. From the 4D Bianci
identities and the symmetry of Weyl tensor, Eµν should
satisfy
∇µEµν = 0, E
µ
µ = 0, (2)
on the brane for Tµν/λ≪ 1. An important point is that
Eµν cannot be determined only from equations on the
brane Eq.(2). One needs 5D equations for Eµν in the bulk
and this is the source of great complexity of the problem.
To observe this fact, it is convenient to parameterize Eµν
as an effective energy-momentum tensor;
−Eµν = κ
2
4

 −(ρE + δρEY ) aVEYi
−a−1VEY
j (PE + δPE )δ
i
j + δπEYij

 ,
where Y (k, x) ∝ eikx is the normalized scalar harmonics
and the vector Yi and traceless tensor Yij are constructed
from Y as Yi = −k
−1Y,i, Yij = k
−2Y,ij + δijY/3.
In the background universe, Eq.(2) gives ρ˙E+4HρE = 0
and PE = ρE/3, where H = a˙/a and a is the scale factor.
The solution for Weyl energy density is then given by
ρE = Ca
−4 where C is the integration constant. Thus
the contribution from Eµν appears as dark radiation. It
has been shown that C is related to the mass of the AdS-
Schwarzshild BH in the bulk. In the following, we will
assume ρE = 0 in the background spacetime.
2Let us consider the perturbations around the above
background spacetime. The linear scalar metric is taken
as
ds2 = −(1 + 2Ψ(t)Y )dt2 + a(t)2(1 + 2Φ(t)Y )δijdx
idxj .
Eq.(2) give
δ˙ρE + 4HδρE = −a
−1kVE , δPE =
1
3
δρE ,
V˙E + 4HVE =
ka−1
3
(δρE − 2δπE), (3)
for ρ/λ≪ 1. At large scales ka−1/H → 0, we can neglect
the terms proportional to k. The solution for δρE is given
by δρE = δCa
−4 where δC is the integration constant.
The amplitude δC is related to the perturbatively small
AdS-Schwarzshild mass in the bulk. A problem is that it
is impossible to determine anisotropic stress δπE because
it is dropped from Eq.(3) for ka−1/H → 0. In [10], it
was clearly shown that this uncertainty of δπE prevents
us from predicting CMB anisotropy. The temperature
anisotropy caused by (direct) Sachs-Wolfe effect is given
by the formula [10]
∆T
T
= Θ0 +Ψ = ζ +Ψ− Φ, (4)
where Θ0 is the temperature anisotropy of radiation and
we used Eq.(1) in the second equality. The evolution of
ζ = Φ + δρ/3(ρ + P ) is determined only by the conser-
vation of the matter energy-momentum tensor. We will
assume the matter perturbation is adiabatic δP = c2sδρ
where δρ is the density perturbation, δP is the pressure
perturbation and cs is the sound velocity. The continuity
equation for matter perturbation implies ζ = ζ∗ = const.
In addition to ζ, the solutions for metric perturbations
Φ and Ψ are needed. From the effective 4D equation (1),
we can get the equations to determine Φ and Ψ as
ζtot = Φ−
H
H˙
(
Φ˙
H
−Ψ
)
,Φ+Ψ = −κ24k
−2a2δπE , (5)
where ζtot is the curvature perturbation on hypersurface
of uniform total energy density;
ζtot = ζ +
δρE
3(ρ+ P )
= ζ∗ +
δCa−4
3(ρ+ p)
. (6)
Note that the solution for ζtot was obtained only by
the law of conservation. However, the latter equation
in Eq.(5) contains undetermined δπE . Indeed, Eq.(4) is
written at the decoupling time as
∆T
T
= −
1
5
ζ∗ −
2
3
(
ρr
ρ
)
δC∗
− κ24k
−2a2δπE + 2κ
2
4k
−2a−5/2
∫
a7/2δπEda,(7)
where δC∗ = δρE/ρr and ρr is the radiation energy den-
sity. The second term comes from the entropy perturba-
tion contribution due to Weyl energy density. Unless the
behavior of δπE is known, we cannot say anything about
the effect of this dark radiation. It is possible to assume
some ansatz for δπE , say δπE ∝ δρE [11]. However, be-
cause δπE is induced by 5D gravitational perturbations,
it is essential to solve the evolution equations for Eµν in
the bulk.
3. Solution for Eµν in the bulk
The evolution equations for Eµν obtained from 5D
Bianchi identity are consisted of discouragingly compli-
cated partial differential equations. Fortunately, the cur-
vature radius on the brane defined by L2 ∼ 1/∇2µ ∼
1/κ24T
µ
ν at the decoupling time is significantly longer than
the curvature radius in the bulk l because the experi-
ments on Newton’s force law already impose the con-
straint on l as l < 1 mm. Thus the system has a natural
small parameter ǫ = (l/L)2 ∼ T µν /λ and it is possible
to solve the equations by the perturbation in terms of
ǫ. If we consider a second brane with negative tension
λc = −6/κ
2
5l at the physical distance d0(x)l from our
brane, Eµν can be determined as [7, 8]
Eµν =
2
e2d0 − 1
[
−
κ24
2
(T µν + e
−2d0T µc ν)−∇
µ∇νd0
+ δµν∇
2d0 −
(
∇µd0∇νd0 +
1
2
δµν (∇d0)
2
)]
, (8)
where T µc ν is the energy-momentum tensor on the second
brane. Because the bulk spacetime shrinks exponentially
due to the negative cosmological constant in the bulk,
the curvature radius on the second brane Lc is shorter
for larger d0 as Lc = Le
−d0. Thus in order to ensure
that the low energy approximation can be applied on the
second brane (l/Lc)
2 < 1, the radion d0 should satisfy
e−2d0 > (l/L)2 ≪ 1.
The evolution of d0 can be calculated from the traceless
condition Eµµ = 0 in Eq.(2);
∇2d0 − (∇d0)
2 =
κ24
6
(
T + e−2d0Tc
)
. (9)
From Eqs.(8) and (9) the behavior of Eµν is completely de-
termined. Substituting the solution for Eµν into Eq. (1),
the effective theory on the brane becomes quasi-scalar-
tensor theory [12].
4. View from the bulk
The solution for Eµν (Eq.(8)) should be consistent with
Eq.(2). In the background spacetime, ρE is written in
terms of d0 and energy densities on both branes;
κ24ρE = −
1
e2d0 − 1
(
6Hd˙0 − 3d˙
2
0 − κ
2
4(ρ+ e
−2d0ρc)
)
.
The evolution equation for d0 can be integrated once with
the help of the energy-momentum conservation on each
3brane. We get ρE = Ca
−4 where C is the integration con-
stant. In this case, the integration constant is interpreted
as the initial condition for the radion d0(t). Now we turn
to the perturbations. We denote the perturbation of the
radion as d0(t, x) = d0(t)+N(t)Y (k, x). δρE can be eval-
uated in the same way as the background spacetime. We
get δρE = δCa
−4 at large scales where δC is the integra-
tion constant associated with N . An advantage of our
approach is that an equation for Weyl anisotropic stress
δπE can be derived as
κ24a
2k−2δπǫ =
2
e2d0 − 1
N. (10)
Hence the behavior of δπE is determined by the radion
perturbation N . Because the radion perturbation N is
coupled to the metric perturbations Φ and Ψ, we should
solve them at the same time. The behavior of the metric
perturbations is determined by imposing the equation of
state on the matter perturbations: δP = c2sδρ and δPc =
c2scδρc. We then have three equations, δP = c
2
sδρ, δPc =
c2scδρc and Φ + Ψ = −κ
2
4k
−2a2δπE for three unknown
functions N,Ψ and Φ. It is convenient to introduce a
new set of variables ϕ, ϕc and E to solve these equations
[6]. We take
Φ = −ϕ− k−2a2HE˙ +
1
3
E, N = ϕc − ϕ− k
−2a2d˙0E˙,
Ψ = −ϕ− k−2a2(E¨ + 2HE˙). (11)
The equation δP = c2sδρ gives the equation for ϕ;
ϕ¨+ (2 + 3c2s)Hϕ˙− (3H
2 + 2H˙ + 3c2sH
2)ϕ−
1
2
(
1
3
− c2s
)
κ24δρE
= −k2a−2
[(
c2s +
2
3
)
ϕ−
1
3
(
c2s +
1
3
)
E
]
. (12)
At large scales ka−1/H → 0, the equation for ϕ is de-
coupled from E and it can be integrated once to give the
first order differential equation for ϕ;
−
[
ϕ−
H2
H˙
(
ϕ˙
H
− ϕ
)]
= ζ∗ +
δCa−4
3(ρ+ P )
, (13)
where ζ∗ is the integration constant. We should note
that the left-hand side of Eq.(13) is nothing but the
solution for ζtot (see Eqs.(5) and (11)). Then the be-
havior of ϕ determines the evolution of the curvature
perturbation which is independent of d0. The evolu-
tion equation for ϕc is obtained from δPc = c
2
scδρc
and it is given by replacing H, a, c2s, d/dt, and δρE to
Hc = e
d0(H − d˙0), ac = ae
−d0 , c2sc, e
d0d/dt and e4d0δρE ,
respectively, in Eq.(12). The function ϕ and ϕc describe
the displacement of our brane and the second brane re-
spectively, and their relative difference causes the radion
perturbation N . The equation Φ + Ψ = −κ24k
−2a2δπE
gives the evolution equation for E;
E¨ +
(
3H +
2d˙0
e2d0 − 1
)
E˙ −
1
3
k2a−2E
= −
2e2d0
e2d0 − 1
k2a−2(ϕ− e−2d0ϕc). (14)
The function E is identified with the bulk anisotropic
perturbation [6]. We have a closed set of equations for
ϕ, ϕc and E. Therefore, the solution for δπE can be ob-
tained from Eqs.(10) and (11).
5. CMB anisotropy in a simple model
Let us consider the simplest case where d0 = d∗ = const.
and d∗ is sufficiently large e
−2d∗ ≪ 1. It can be real-
ized by taking ρc = −ρe
2d∗ and w = wc. This choice
is consistent with ρE = 0. First, let us consider large
scale perturbations. Assuming the scale factor is given
by a ∝ t2/3(1+w) (w =const.), the solution for ϕ is ob-
tained as
ϕ = −
3(1 + w)
3w + 1
ζ∗ −
1
9w − 1
(
ρr
ρ
)
δC∗,
ϕc = −
3(1 + w)
3w + 1
ζc∗ −
1
9w − 1
(
ρr
ρ
)
e2d∗δC∗,
for w 6= −1/3, 1/9, where ζc∗ is the curvature perturba-
tion on hypersurface of uniform matter energy density on
the second brane. Here we neglected the homogeneous
solutions. Note that w = 1/9 is not singular and one can
find a solution for ϕ as −(1/2)δC∗(ρ/ρr) ln a. One point
is that ϕc that depends on δC∗ satisfies ϕc = e
2d∗ϕ, then
δC∗ does not contribute to E. Now we can obtain the
solution for metric perturbations. We find the parts of Φ
and Ψ corresponding to each term in the solution for ϕ:
Ψ = Ψζ +ΨE , Φ = Φζ +ΦE , ΨE = ΦE = −ϕE ,
ϕE = −
1
9w − 1
δC∗
(
ρr
ρ
)
. (15)
Here, Φζ and Ψζ are the same as conventional 4D solu-
tions except for the additional terms which depend on
the radion d∗ and ”shadow matter” ζc∗ [6]. These addi-
tional terms can be neglected for e−2d∗ ≪ 1. Then we
find the solution for Weyl anisotropic stress as
κ24k
−2a2δπE = 2ϕE . (16)
Large scale CMB anisotropy can be written as
∆T
T
= −
1
5
ζ∗. (17)
Dark radiation does not affect ∆T/T . This is quite a
non-trivial result. As mentioned before, the Weyl energy
density perturbations induce the entropy perturbations.
The effect of Weyl anisotropic stress δπE exactly cancels
this entropy perturbation in Eq.(7).
4Let us investigate whether this cancellation holds for
small scale perturbations. Under a tight coupling approx-
imation of baryon-photon fluid, the evolution equation
for radiation temperature anisotropy Θ0 becomes [13]
Θ¨0 + HΘ˙0 +
R˙
1 + R
Θ˙0 + k
2a−2c2sΘ0 = F,
F = −Φ¨−HΦ˙−
R˙
1 +R
Φ˙−
k2
3
a−2Ψ, (18)
where R = 3ρb/4ρr and ρb is the baryon energy den-
sity. The solutions for metric perturbations are given by
the upper equation in Eq.(15) though ϕE is the solutions
for Eq.(12) with E = 0 and the equation for δρE is ob-
tained by Eqs.(3) and (16). The source term F can be
decomposed as F = Fζ + FE according to the solutions
for metric perturbations (Eq.(15)). Observed tempera-
ture anisotropy (Eq.(4)) is given by ∆T/T = Θ0 + Ψ =
Θ0 − ϕE + Ψζ . Thus if Θ0e ≡ Θ0 − ϕE behaves in the
same way as conventional 4D theory, the temperature
anisotropy also behaves in the same way. From Eq.(18),
we get the equation for Θ0e:
Θ¨0e + HΘ˙0e +
R˙
1 +R
Θ˙0e + k
2a−2c2sΘ0e
= Fζ +
(
1
3
− c2s
)
k2a−2ϕE . (19)
Hence at large scales k → 0 or in the radiation domi-
nated universe c2s = 1/3, the temperature anisotropy is
exactly the same as the conventional 4D theory. But as
the Universe becomes matter dominated c2s 6= 1/3 and
perturbations enter the horizon, the behavior of temper-
ature anisotropy is modified. Because the amplitude of
ϕE decreases with time under the horizon, the effect is
largest for the first acoustic oscillation. Fig.1 shows the
resultant CMB anisotropy for given cosmological parame-
ters. One can see that the dark radiation does not modify
the CMB anisotropy at l ∼ 2 and at large l but it mod-
ifies a first acoustic oscillation. The resultant spectrum
is quite different from the prediction of simple mixtures
of adiabatic and isocurvature perturbations due to Weyl
anisotropic stress δπE .
6. Discussions
In this letter, we developed a formulation to calculate
CMB anisotropy in two branes model at low energies with
an appropriately small distance between two branes. In
realistic models, we should introduce stabilization mech-
anisms of the radion. Our formulation can be extended
to include stabilization mechanisms. We considered only
the classical theory of the perturbations. Thus the ini-
tial spectrum remains to be determined, and it can be
modified by the effects from the bulk in the brane world.
These issues need further investigations.
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FIG. 1: CMB angular power spectrum for various δC∗. ζ∗
is appropriately normalized. We take Ω0 = 0.26,ΩΛ =
0.70,Ωb = 0.04, h = 0.72 and n = 1. The observational data
was taken from WMAP [2] and the spectrum was calculated
by modifying CMBEASY which is based on CMBFAST [14].
